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Abstract. In the present article, we study the homogenization of a second-order elliptic PDE with oscillating coefficients
in two different domains, namely a standard rectangular domain with very general oscillations and a circular type oscillating
domain. Further, we consider the source term in L' and hence the solutions are interpreted as renormalized solutions. In the first
domain, oscillations are in horizontal directions, while that of the second one is in the angular direction. To take into account
the type of oscillations, we have used two different types of unfolding operators and have studied the asymptotic behavior
of the renormalized solution of a second-order linear elliptic PDE with a source term in L'. In fact, we begin our study in
oscillatory circular domain with oscillating coefficients and L2 data which is also new in the literature. We also prove relevant
strong convergence (corrector) results. We present the complete details in the context of circular domains, and sketch the proof
in other domain.
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1. Introduction

Several critical physical properties of a material are controlled by its geometric construction. There-
fore, analyzing the effect of materials geometric structure can help to improve some of its beneficial
physical properties and reduce unwanted behavior. This leads to the study of boundary value problems in
complex domains such as perforated domain, thin domain, junctions of the thin domain of different con-
figuration (like domain we have considered in this article, with rapidly oscillating boundary), networks,
etc. Various constructions shaped as thick junctions or oscillating boundary domains are successfully
used in many nano-technologies, micro-techniques, micro-strip radiator, wide-band gap semiconduc-
tor, efficient sensor signal processing filters, transistors, heat radiators [17,23,31,32]. This leads to the
study of multi-scale analysis and eventually homogenization of boundary value problems in domain with
rapidly oscillating boundary. Some sample depictions are given in Figs 1 and 2.

The study of homogenization on oscillating boundary domain was started by the work done in [30],
where the authors have considered Helmholtz equation on oscillating domain to study the limiting be-
havior of the solution as the oscillating parameter goes to zero. But the proper story begins in 1978 by
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Fig. 1. Oscillating domain €2;. Fig. 2. Circular domain Os.

R. Brizzi and J. P. Chalot in [14], where they have analyzed the asymptotic behavior of Laplace equation
with Neumann boundary condition in various oscillating domains as the oscillation parameter vanishes.
Subsequently, in this direction, that is, the homogenization of boundary value problems in oscillating do-
main, a wealthy literature is available. For example, see [1,6,7,10,12,27,28,33,35] and references therein
though it is no way exhaustive. The main tools they have used in these articles are asymptotic expan-
sion, extension operators, two-scale convergence, and oscillating test functions. Later, periodic method
of unfolding was introduced in [15], and a modified definition of the periodic unfolding method is used
in [11] to study homogenization in general oscillating domains and in particular it was quite handy to
apply to periodic asymptotic problems including oscillating domains. We remark to mention that most
of the article cited so far have pillar type oscillations. Again a large amount of literature is available,
but we restrict ourselves to the method of unfolding applied by the present authors and their group. In
[2], authors have introduced unfolding operator for the general oscillating domain and as an application
they have homogenized a nonlinear elliptic PDE. This unfolding operator and a modified version of
this unfolding operator was used to homogenize various boundary value problems and optimal control
problems, see, for example [3-5,19,39,40]. Prior to it, unfolding operator is used for the first time to
characterize the optimal control, see [37,38].

In all the articles cited above, the source terms were always in L2, so the homogenization procedure
happened in a proper Hilbert space set up. In the present work, we consider the source term in L' Banach
space and hence we can not expect the solution to be uniformly bounded in H'. To overcome this issue,
we will make use of the definition of the renormalized solution, which has been introduced by R. J.
DiPerna and P. L. Lions in [20] for the Boltzmann equation. Further, the idea of the renormalized solution
has been adapted for the elliptic equation in [8,18]. To see more about the application of renormalized
solutions, we refer to the articles [9,13,24,29,34] and references therein.

In the theory of homogenization, the concept of renormalized solution first time used to perform
homogenization in [36] by F. Murat. After that, some results though not many, have been reported on
homogenization with the renormalized solution. For example, see [21,22,25,26] and references therein.
The present work is relatively closer to the work done in [26]. In [26], the authors have considered
homogenization of a second-order elliptic PDE in the brush-like or pillar type oscillating domain with
source term in L!. As the source term is L'; the solution has to be understood as a renormalized solution.
To get the asymptotic behavior of the renormalized solution, they used the renormalized formulation of
the limit problem or homogenized problem corresponding to L? data. Also, compared to the existing
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articles on homogenization in the oscillating domain, the oscillations are not periodic in [26]. The authors
have assumed that the characteristic function of the pillar-base should converge weakly* in L* to some
strictly positive function. The oscillating test function method was used as a homogenization tool.

In the present article, we consider a second-order elliptic PDE with oscillating coefficients in a general
forest type oscillating domain and circular type oscillating domain (see Figs 1 and 2) with source term
in L'. This work is a non-trivial generalization of the work done in [26]. In [26], the oscillation is non-
periodic, but pillar type; here, we are considering the periodic but very general type of oscillations. We
are also allowing the n — 1 directional oscillating coefficients in the coefficient matrix. In contrast to
[26], extension by ‘zero’ will not be helpful as it will not belong to H'! in the non-oscillating direction.
To avoid this difficulty, we use the periodic unfolding operator for the general forest oscillating domain
(see, [2,16]). In addition, we also consider circular oscillating domain. To carry out the homogenization
with L' source term for the circular oscillating domain, first we need to do homogenization for the
general second-order elliptic PDE with source term in L2. As it has circular type oscillations, to analyze
the asymptotic behavior of the renormalized solution, we have used the periodic unfolding operator in
polar coordinates introduced in [2]. Also, we have homogenized the general second-order elliptic PDE
with angular oscillations in coefficients, which has not been done in [2].

Let us now explain the organization of the present article and the main ideas of the proofs. In Section 2,
we describe the geometry of the domains under consideration. We are considering 2 types of domains
namely 2, and O,. The first one €2, is the domain with an oscillating boundary, where oscillations are
in the horizontal direction. In contrast, the second one O, has oscillations in the angular direction. The
reference cell and limit domain for both cases are also presented. We have included the definition of
unfolding operator and its properties for both domains without proof. A detailed explanation is available
in [2]. We are also mentioning some auxiliary functions which are important in the study of renormalized
solutions.

In Section 3, our aim is to prove the homogenization results of a general second-order PDE in the
circular oscillating domain O, with source term in L'. As it requires the homogenization results with
L? data, we are proving it first and then completing the main result. We are using the polar unfolding
operator and properties of renormalized solutions to prove our result.

In Section 4, we prove homogenization results of a general second-order PDE in the general oscillating
domain €2, with source term in L'. Since the proof shows a lot of similarities with the proof we have
done in the case of O,, we are only providing an outline of the proof.

In the Appendix, we are proving the properties of renormalized solutions. We are doing it only for the
limit problem of the circular domain. By using the same steps, we can prove similar properties for other
renormalized solutions also.

2. Domain descriptions, unfolding operators and auxiliary functions

2.1. General oscillating domain 2,

Let 0 < M < M’ be real numbers, I', : [0, 1] — R be a Lipschitz continuous function such that
0<Tp(x) <Mande = %, n € N. Let A be a connected open subset of QT = [0, 1] x [M, M'] with
Lipschitz boundary is our reference cell (see Figs 3 and 4). The upper oscillating part of the domain
denoted by Q2 is given by

Q: = {(xl,X2) S [0, 1] X [M, M/] . ({ﬂ},)éé) < A},

&



126 A.K. Nandakumaran et al. / Homogenization with L' data

A A
M/
Qt
M
o
> n >
0 1 0 1
Fig. 3. Reference cell A. Fig. 4. Limit Domain €2.

where {%} denotes the fractional part of 7!. The lower fixed part is given by
Q7 = {(x1,x2) €[0, 1] x [0, M] : Tj(x1) < x2 < M}.

The oscillating domain 2, = int(2;- U 7) and the limit domain = int(Q* U Q7).
For x, € (M, M’), define the projection of a section in A and its measure by

Y(x2) = {y €0, 1]: (y, x2) € A},

h(xy) =m (Y(xz)), where m denote the Lebesgue measure on R.

This is highly crucial in the definition of the unfolding operators. We assume the following properties
on A:

(1) The set Y (x,) is connected for all x, € (M, M),

(2) There exists p > Osuchthat 0 < p < h(x,) < 1forall x, € (M, M'),

(3) The boundary part dA N ([0, 1] x {x, = M}) is connected and have positive one dimensional
Lebesgue measure.

2.2. Circular oscillating domain O,

Let 0 < ryp < r; < rp be real numbers, ¢ = %, n € N. Let A be a connected open subset of R? which
is contained in the annulus O = {(r, ) : ro < r < r;} with Lipschitz boundary is our reference cell
(see Figs 5 and 6). Now define

Oj = {(r,@) e Ot (r, {Q} ) € A}, O = {(r,@) rp<r< rz},
2

&

O, =int(OFfUO~) and O =int(O+*UO"),

where O is the inner oscillating part, O~ is the outer fixed part, O, is the oscillating domain and O is

the limit domain. Here {g}zn denotes the fractional part of 22—8.
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Fig. 5. Reference cell A. Fig. 6. Limit Domain O.
For r € (ry, ), define

Y(r)=1{0 €10,27]: (r,0) € A},
m(Y (r)) (D

h(r) = 5 , where m denotes the Lebesgue measure on R.
b4

We assume the following properties on A:

(1) The set Y (r) is connected for all » € (rg, 1),
(2) There exists p > O suchthat 0 < p < h(r) < 2x forall r € (rg, 7).

For the sake of completeness, we recall the definition of unfolding operators for €2, O, and its properties
without proof. For proof, we refer to [2].

Remark 1. The set of domains that satisfy the hypothesis for rectangular oscillating domains is huge;
Fig. 1 is a representative example. Figure 2 is simply a prototype example of the huge collection of
circular oscillating domains that satisfy the hypothesis for circular oscillating domains. The analysis for
the proofs does not depend on the structure of the domain as long as it satisfies the hypothesis.

2.3. Unfolding operator for 2,

We have already introduced the domain €2, with highly oscillating boundary. First, we will define the
unfolded domain 2y in which the unfolded functions are defined. The unfolded domain €2 is defined
as follows:

Qu={Gx,y|x1€0 D, x,e (M, M),y €Y}
LetG = {(x2,y) | x2 € (M, M), y € Y(x2)}, then, one can write, Qy = (0, 1) x G. Let ¢° : Qy — QF
be defined as ¢°(x, x3, y) = (s [2—1] + ey, xz). The ¢— unfolding of a function u : 2 — R is the

function u o ¢° : Qy — R. The operator which maps every function u : Q2 — R to its e-unfolding is
called the unfolding operator. We denote the unfolding operator by 7%, that is,

T8 {u: Q2 > R} - {T°w) : Qu > R}
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is defined by

TE(u)(x1, x2,y) = M(«‘:[%] + ey, x2>.

If U c R? containing Qj and u is a real valued function on U, T?°(u) means, that is 7¢ acting on the
restriction of u to Q7. Some important properties of the unfolding operator are stated below. For each
e > 0:

(1) T¢ is linear. Further, if u, v : QF — R, then, T¢(uv) = T¢(u)T* (v).
(2) Letu € L'(2)). then,

/ T"E(u):/ u.
Qu QF

(3) Letu € L*()). Then, T°u € L*(Qy) and || T¢ull 120, = lull 2
(4) Letu € Hl(Qj). Then, T°u € L*(0, 1; H'(G)). Moreover,

0 0 d 0
—T%u = Tg—u and —T°%u = sTg—u.
x> x> ay ax;

(5) Letu € LZ(Q;F). Then, Téu — u strongly in L*(Qy). More generally, let u, — u strongly in
L*(Q). Then, T¢u, — u strongly in L>(Qy).
(6) Let, for every &, u. € L*(2]) be such that T¢u, — u weakly in L?(Qy). then,

Uy — u(xy, x2,y)dy weakly in L*(Q").
Y(x2)

(7) Let, for every ¢ > 0, u. € H'(2]) be such that T¢u, — u weakly in L>(0, 1; H'(G)). Then,

~

5
Uy — udy and e —\f
Y

ad
e dy weakly in L*(Q%),
Y (x2) 9x2

(x2) 02

where i, denotes the extension by 0 of u, to 7. This notation is used through the article.
2.4. Unfolding operator in polar coordinates for O,

Since the oscillations in O; is in angular direction, we need unfolding operators in polar coordinates to
do the analysis. Here we will recall the definition of unfolding operator for O and its properties without
proof. For proof one can see [2]. As in the earlier case first, we will define the unfolded domain Oy in
which the unfolded function are defined. The unfolded domain Oy is defined as follows,

Oy ={(r,0,7) 10 €(0,2n),r € (ro,r1), T € Y(r)}.

Let G = {(r,0,7) | r € (ro,r1),0 € (0,27),t € Y(r)}, then, we can write, Oy = (0,27) x G.
Let ¢° : Oy — OF be defined as ¢°(0,r, 1) = (r, g [g]h + sr). The ¢ - unfolding of a function
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u : OF — Ris the function u o ¢* : Oy — R. The operator which maps every function u : OF — R
to its e-unfolding is called the unfolding operator. Let the unfolding operator be denoted by 7', that is,

T :{u: 0 > R} - {T°(w) : Oy > R}

is defined by

T (u)(r,0,1) = u<r, s[g} + 8‘17),
€ log

where [g]zn denotes the integer part of 27%.

If U C R? containing O and u is a real valued function on U, T°(u) will mean, T acting on the
restriction of u to O}. Some important properties of the circular unfolding operator are stated below.
For each ¢ > 0:

(1) T¢ is linear. Further, if u, v : Of — R, then T¢(uv) = T¢(u)T* (v).
(2) Letu € L'(O;). then,

/ Tg(u)=27'r/ u.
Oy of

(3) Letu € L*(O}). Then, T*u € L*(Oy) and [T ull 120,y = V27 llull 20
(4) Letu, 2, 2 ¢ [2(O"), Then, T¢u, LT%u, 2T°u € L>(Oy). Moreover,

> 9r’ 960 > or ' o1
9 3 9 3
Cren=1 and ZTou=ere L.
ar ar a1 30

(5) Letu € L*(O;). Then, Téu — u strongly in L?(Oy). More generally, let u, — u strongly in
L*(O%). Then, T¢u, — u strongly in L?(Oy).
(6) Let, for every &, u. € L*(O) be such that T¢u, — u weakly in L*(Oy). Then,

~ 1 .
Uy —~ — u(r,0,t)dr weakly in LZ(O+).
2 Jye

(7) Let, for every ¢ > 0, u, € H'(O;) be such that T¢u, — u and %T*’us — g—‘r‘ weakly in L2(Oyp).
Then,
- 1 u. 1

d
Uy — — udr and — M ar weakly in L2(O+),
27'[ Y(r) 8r 27T Y(r) 81"

where i, denotes the extension by 0 of u, to OF.
2.5. Auxiliary functions

Here we recall some auxiliary functions which are important in the study of renormalized solutions
and homogenization with L' data. The functions defined are standard and available in the literature. For
details refer [8,18,26,36]. All the functions are defined from R — R.
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1

1 ift >0,
S =10 ift =0,
-1 ifr <O.

k 77777 |
P L RS |
kS(t) if |1] > k. s p
Lo —k
1 77777 |
£ if ] < 8, |
s =10=)5 1l | |
S@) if|t| > 6. _3: s
Lo ~1
1 i <p, / \
Hn=131-1 ifp <] <2p, ! |
o p P <ll<2p —2p—p P 2p
0 if [t| = 2p.
1 if |7 <k, | :
gi) =1 -1 ifk <t <k+3s /—k k\
A 5 ,
—(k+$6 k4§
0 if 1] > k + 5. (k +9) -
if |¢] < k, :
A Gt —(k+9) /!
k k+8

0
g0y = (5 s@) ifk <t <k+38, e
S() if |t| > k+ 6. v

3. Homogenization in O,

To study the asymptotic behavior of elliptic PDE with source term in L', we need the homogeniza-
tion results with source term in L. For the Laplacian it is done in [2], but we need the homogenization
results for general second order elliptic PDE in circular domain. So, first we investigate the homoge-
nization results with L? data in O,. In the whole article, we are not writing the measure while doing
integration. It is just for getting the expressions in a simple form. If we are taking the functions in polar
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coordinates, then the integration is with respect to the measure r dr d@; otherwise, it is with respect to
the usual Lebesgue Measure. When we are integrating over the unfolded domain, it is better to consider
the functions in polar coordinates.

3.1. Homogenization in O, with L? data

Let A(r,0) = [a; j(r,0)]2x2 be a 2 x 2 matrix where the entries g;; : © — R are Caratheodory
type functions. Also A(r, #) is uniformly elliptic and bounded in O, that is, there exists «, 8 > 0 such
that

(A, A) = alal> and |A)A| < BIA|

for all A € R? and a.e. in O. Define

8 ) A(r§) if(rne)eO",
A%(r,0) = [aij(r’ 9)]2><2 = A((r, 9)) if (r,0) € O™.

Consider the following problem in the domain O,:

{— div(A*Vu,) +u, = f inO,, ?2)

A®Vu, -v¥ =0 on 00,.

Here f € L%(O) is a given function, v* is the outward normal vector on d0,. The variational form
corresponding to (2) is given as: Find u, € H'(O,) such that

f A*Vu, Vv + u,v :f fv forallv e H'(O,). (3)
O; O:

Since the oscillations are in a circular fashion, to study the asymptotic behavior, we need to write the
equation in polar form in O] as follows:

e | [oueT] [ 2v
@ 14 ar ar
+u.v |+ AVu Vv +u,v = fu, “4)
+ £ £ dug v
of \|B° || 5] 5 - O;

00

for all v € H'(O,), where
of = at| cos*(9) + at, sin(f) cos(9) + a5, sin(8) cos(9) + a5, sin*(9),

1
g ;(—a‘fl sin(0) cos(9) — af, sin®(0) + aj; cos*(0) + a3, sin(6) cos(9)),

=
I

1 %)
y© = —(—af, sin(6) cos(8) + af, cos®(0) — a5, sin>(0) + a5, sin(9) cos(9)) and
r

1
n® = —2((1?‘1 sin?(9) — aj, sin(@) cos(9) — a5, sin(6) cos(0) + a5, cosz(Q)).

~
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Here, we have o = A ][ @) ] and det [ §: 7o ] = & det A°. Since A° is coercive, the matrix
[Zg Ve ] is also coercive.

By definition of unfolding operator (see Section 2.4), we have T‘S(afj)(r, 0,1t) = a;;(r, v). Since it
is independent of ¢, for simplicity, we denote T°(a;;) as a?j. Then, from the properties of unfolding
operator, we see that T¢(a®), T¢(B%), T*(y®) and T¢(n°) converges to o, B°, ' and n° strongly in
L*(Oy), respectively, as ¢ — 0, where

o’ = af, cos?(0) + al, sin(9) cos(8) + a?, sin(9) cos(0) + a3, sin*(9),

1
B° = =(—a, sin(0) cos(0) — af, sin®(0) + a3, cos*(9) + a3, sin(8) cos(®)),
p
1 (6)
—(—a, sin(8) cos(0) + af, cos*(0) — a3, sin*(0) + ad, sin(0) cos(9)) and
p
1

n’ = —(af, sin’(0) — ap, sin(8) cos(9) — a3, sin(6) cos(8) + a3, cos*(H)).

S

We want to study the asymptotic behavior of u, as ¢ — 0. First we describe the limit problem.

Limit problem: Consider the Hilbert space

V(0) = {w e L*(0): %—‘f e L*(0), ¥ € Hl((’)_)},

with the inner product

99 W

9’ + ’ )
ar  or >L2(O+) <¢ W>H1(O )

(@, ¥Ivio) = (&, V)20 +<
We define the limit problem as follows: Given f € L*(0), find u € V(O) such that
ou v
/ ag—— + huv | + (AVuVv + uv) =/ hfv+ fv, forallv e V(O), @)
o+ 0 o- o+ o-
where

1 det(A(r, 7))
ao(r,0) = / —(an® —y°B°) dr = f < —sin(8) [ —sin(®) )a’r.
Yoy 1 y(in \A(r, T)[ cos(9) ][ cos(9) ]

Here h and Y are defined as in (1). Since A is elliptic, with elliptic constant o and bounded by 3, we
2
have ay > h(r)%. Hence, (7) has a unique solution by Lax—Milgram lemma. We leave the details. We
now present the homogenization in circular domain with L? data.

Theorem 1. Let u, and u be the unique solutions of (4) and (7) respectively. Then, we have the following
convergences.

iy — xo,u —> 0 strongly in L*(O),
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du i)

ab:s — Xoga_brt —> 0 strongly in Lz((’)Jr),

o, —B\ 9

81408 — Xog(—n’f >8_il —> 0 strongly in L2(0+),

u, —u —> 0 strongly in Hl((’)_).

Proof. We remark that the second and third convergences are corrector results. By taking v = u,, in the
variational form (3), we get [|u;||y1(0,) < K, where K is a generic constant independent of ¢. From the
integral equality property of unfolding operator, we deduce the following bounds.

0 du
1T%ue 200 < V27 lluell 205 < K, —T¢u, <A2m | — < K and
L (Ou) L ( é) ar ar
L2 (Oy) LX(Oh)
0 dJu
'—Tsug < eV2m c < K.
31’ L2(OU) 89 LZ(O;)

By weak compactness of L?(Oy), there exits a sub-sequence (still denoted by &) and u* € L?*(Oyp) such
that

Teu, — u* weakly in L*(Oyp),

9 8u+ . ou 8M+ :
_87' Tgu5 — —8}’ s that 18, T?¢ 8}’8 — W Weakly n Lz(OU)v (8)
9 9 + 0 & ad N

. u e OU N L weakly in Lz(Ou)-

—T°u, —~ ——, thatis, &T
ot

ot 00 ot

Again since {Ts%} is bounded in L?(Oy), we have 3—;‘ = 0 (means u € L?>(O7)) and there exists a
p € L*(Oy) such that, up-to a sub-sequence, we have

ou,
a0

T¢ — p weakly in L?(Op). )]

Now to identify p, consider ¢® = e¢ (7, ) ({g}zn)’ where ¢ € D(O) and ¥ € C*[0, 27]. Then

0¢° 0
T*(¢°) = eT* @)y (x), T‘f( a"’)=sT8(—¢>w<r> and
r ar

3 8¢8 _ € % 3 /
T (89>—8T <89)+T(¢)1/f(r)-

(10)

Now use ¢¢ as a test function in (4), we have

£ e due 99°
o Y or ar e / e
L JE ] ee)-
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Applying unfolding operator, we get

Te(af) Te(ye)|[Tede] [Te4
T?® 8T€ € = Té Té g'
fqumﬂe) Te(n*?)} [Taa—@} {T@W T wIT* (¢7) /O (NT*(¢")

a0

Then using (6), (8), (9), (10) and passing to the limit as ¢ — 0 in the above equation, we obtain

f Ak =f (ﬁOEJrnOP)ﬂS(r,@)W(T):O'
oy \[B* ]| p ] oV O ar

Since ¢ € D(OT) and ¥ € C*[0, 2] are arbitrary, we have

_ BY du™ (a1
p= n° or

Now since in {u,} is bounded in H'!(O~), by weak compactness, there exists u~ € H'(O~) such that

u, —u_ weaklyin Hl((’)_).

&

Define

+ ; +

4 L ut(x) ifxeOr,

u(x) = u"Xo+ +iu xo {u—(x) ifx e,
Claim. u € V(O) and satisfies the limit problem (7).

The part that u € V(O) can be done as in [2] and hence we _ornit the proof here. Thus, it remains to
prove that u satisfies the limit problem (7). Consider ¢ € C*(Q) as test a function in (4) to get

o 5] [ 5
~/(9;" g e u, oy +ugy +/AV148VIII+M81//=/O£J”1/L

a0 a6

Applying unfolding, we have

LT Tl s e 1/ T T8w+f AVU VY +uy
2 ¢ P Ug Ug Ug
27 Oy Ta(ﬂa) Te(ne) Tg% Ts% 27 Oy _

1

2 Oy

Then, using (6), (8) and (9), pass to the limit as ¢ — 0 in the above equation to obtain

| o0 0] [t [ 1
- A R A A e N 2 a2
27 Ou /30 770 p ‘?’_]g o- 27 Oy o~
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Using the relation (11), the above equation reduces to

1 1 du IV

1
0.0 0,0 —
7 Jo, " 7 o ar +”‘”+/OAV”W+W‘2JT/OUW+/Of‘”‘

Now from the definition of unfolded domain and 4, the above equation can be rewritten as

/aoa_ua_w+hu1//+/ AVqu/f—i-ulﬁ:/ hf‘/f‘"/ v,
O+ ar or - ot o-

where

_ 160 oz _i/ < det(A(r, 7)) )
ao(r,0) = > /Y(r) 0 (@°n” = y°B°) dr = 2 Lo\ AG o[ 0[] dr.

cos(6) cos(6)

The last expression can be derived using (6). Hence from the density of C ©(0) in V(0), we see that
u satisfies the limit problem (7). Now from (8), (9), (11) and using the properties of unfolding, we have
the following convergences:

dur Aha»ﬁ

LEF — hu™, )
or ar
ur 1 0\ out
Y (= 'B—dt a weakly in L*(O") and (12)
a0 2 Y(r) T]O ar

&

u;, —u~  weakly in H'(O7).

To prove the strong convergences, consider the following energy equality

1
f A*Vu,Vu, + u? =f fu, =f fu, + fu, = —/ TEfTu, + | fus,.
X X o o- 27 Joy, o-

Let us pass to the limit as ¢ — 0 to get
lim(/ A8Vu6Vug+u§) =/ hfu + fu
e—0 O, o+ o~

du\> ) )
= agl — ) + hu”+ AVuVu + u”. (13)
o+ ar -

The last equality follows from the limit problem (7) by taking v = u. To prove the strong convergence,
consider the following integral /°:

~

€ o8 due _ du e du
£ o 14 ar XO; ar ar XO: ar ~ 2
r= o+ | B¢ € du =B ou due =B° du + o+ (1t = xo.1)
Tl % — X055 | |96 — X0 or

+/ A(Vu, — Vu)(Vu, — Vu) + (us — u).
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On expanding, we get

R AR BRE
A L e L A R 7 e

/' ot y° 1 aaﬂ ou o y© 1 1 du\*
- __RE " _+/ __RE __RE (_)
A e R O A - - AN

n® JdL

+ / (u,;2 —2u.u + u2) + (AVu,Vu, — AVu,Vu — AVuVu, + AVuVu)
oF o-

+/ (u? — 2u.u +u?).

On combining first, fifth, eighth and twelfth terms, the above equation can be rewritten as

ot & oue 1 9
I¢ :/ (ASVuEVuE—I—u?)_/ Y ar A fidin
: or |p || e or

a0 n¢

/ af ys 1 % u / of ys 1 1 (au)Z
- _pe _+ _pe _pe ~
or |85 n ||| |G| or Jor B nt || FE | [SE\or

+ / (—2u.u +u?) + / (—=AVu.Vu — AVuVu, + AVuVu — 2u.u + u).
oF -

Using polar unfolding operator, we arrive at

T (af TE (¢ TE Que 1
18:/ (ASVugVu5+u§)—i/ @) T(y*) <;, » T(a_u)
Oe 2 Joy | T*(B) T || TG | [ T°G50) ar

L1 frrey men)[ 1 ][ T(a_u>
27 Jo, |15 T | [ 17 | | 1oy | \or

1 [T T 1 [ 1 NEANS
+ o £/pe £ (€ g(—=B° e =B° <T <_>)
27 Jo, | 1o T || 10 | | 1o or

1 £ e(,,2
+ - OU(—zT (ue)u + T¢(u?))

+ / (—AVMSVM — AVuVu, + AVuVu — 2u.u + uz).

Now using (6), (8), (9), (12) and (13), we get lim,_,o I°* = 0. Hence, from coercivity of A, we have the
strong convergences. This completes the proof. [J
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We now proceed to establish the homogenization with L' data in circular domain.
3.2. Homogenization in O, with L' data

With A and A°® is defined as in Section 3.1, consider the following problem:

—div(A*Vu,) +u, = f in O,

(14)
A*Vu, - v* =0 on 00,.

Here, f € L'(O) is a given function, v¢ is the outward unit normal vector on dQO,. As it is well
known, we remark that the solution is not defined in the usual weak formulation but using the concept of
renormalized solution. Recall the auxiliary function 7} defined as in Section 2.5. A function u, is called
a renormalized solution of (14) if

u, € L'(O,) such that Ty (u,) € H'(O,), forallk > 0,

Tl 0, = 0 ask — oo,
(15)
/O A*VTi(u)V(Ygue)) +upgu,) = /O frgu,),

forallk > 0,% € H'(O,) N L®(0,), g € PC!(R) with supp(g) C [k, k].

Here PC!(R) denotes the set of all Lipschitz continuous functions which are piece-wise differentiable
on R with compact support. In polar form, we can write (15) as

u, € L'(O,) such that Ty (u,) € H'(0,), forallk > 0,

p 1T @) 0, — 0 ask — oo,

d d
o Y| 5 Te(ue) | | 5, (Vg (ue))
+ Ti(ue) v g (us) 16
/0:<[/3£ ng} [%Tk(us)} [%(wg(ua))} e ) (10

+ /(’) AVTi(u)V(gue)) + Ti(ug)gu,) = /(; fvgue),

forallk > 0, ¥ € H'(O,) N L>®(O,), g € PCLI_ (R) with supp(g) C [—k, k].

We want to study the asymptotic behavior of u, as ¢ — 0. In fact, we prove that the limit problem is
the renormalized formulation corresponding to (7).
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Limit Problem: We now state the limit problem. Given f € L'(0), consider the problem:
Find u € L'(O) such that T;(u) € V(O) forallk > 0,

1
Tl o) > 0 ask — oo,

d d
! / aoa—TkW)MMTk(qu(uH / ALY Wg@) + T@ygw) (17
[N r or O-

- / W) + / Frgw).
O+ O~

forallk > 0,v% € V(O)NL*®O), g € PCCI, (R) with supp(g) C [—k, k].

The proof of existence and uniqueness of renormalized solutions of (15), (16), (17) have similar steps.
The detailed proof for (17) is done in the Appendix. We now present the homogenization in circular
domain with L! data.

Theorem 2. Let u., u be the unique renormalized solutions of (16) and (17) respectively. Then, we have
the following convergences.

iy — xo,u —> 0 strongly in L' (O), (18)

Ym — x0.Tr(u) — O strongly in LY (O) and weakly* in L>°(0), (19)
g d 2+

a—Tk(ug) — Xoga—Tk(u) —> 0 strongly in L (O ), (20)
r r

g —B°\ 8 o

—Ti(ue) — xo, —Ti(u) —> 0 stronglyin L ((9 ) (21)

a0 né Jor

Ti(ue) — Te(u) —> O _strongly in H'(O7). (22)

Proof. We divide the proof into several steps.

Step 1: Proof of (18) and (19). Let f,, be a sequence in L>(Q) such that f, — fin L'(O). Let ul, u"
be the renormalized solutions of (15) and (17) with source term f,,. Then from Theorem 1, for each n,
we have

~

u — xo,u" —> 0 strongly in L*(0),as e — 0.

Now from the Lipschitz property of renormalized solutions (see (64) in the Appendix), we have

e — xo.ullpro) < HLTE - @”LI(O) + ”@ — xo.u" ”L'(O) + HXOs”n — Xo. U |L'(O)

<208 = Flluvoy + 42 = xo.u" | 110y

Thus, we have i1, — xo, — 0 strongly in L'(O,), which is (18). Further, using Lipschitz continuity of
Ty and Lebesgue Dominated Convergence Theorem, (19) follows.
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Step 2: First, we prove weak form of (20), (21) and (22). To get a bound on T} (u.), we need the
energy equality of the equation (15). Energy equality for (17) is proved in the Appendix (see Theorem 5
Step 4). Similar steps can be used to get the following energy equality for (15),

| ARV + T = [ f 1.
O, O
Since (Ty(u,))* < u, T (u,) and A is coercive, we can deduce that
2 2 2
/O [VTee)|” + (Tewe))” = | Te@we) [ 110, < kI fllL10)-

Consider the sequence {T¢(T(u.)}) in L?>(Oy), where T? is the unfolding defined as in Section 2.4.
From the properties of 7¢, we have

0 0 1
"—Ts(Tk(ug)) < V2 | —Ti(u,) < 27kl fllp10))®  and
dr L2(Oy) dr L2(07)
0 0 1
H —T°(Tx (ue)) < eV 2 | —Ti(ue) < 27kl fll o)) -
af Lz(OU) 89 LZ(O;)

Hence, by weak compactness, there exists a sub-sequence (still denoted by ¢) and w € L*(Oyp) such
that

() = w. AT (7)) ~ 2 and

ar or (23)
i € + _\a_w 1 2
BTT (Tk(ug )) P weakly in L“(Oyp).

From (19), we get
Yfk(\uj) — x0.Tx(u) — 0 strongly in L*(0).

Then using the properties of unfolding, we have

T (Ti(uf) — xo0. T (u™)) = T (T (u})) — T°(Ti(u™)) — 0 in L*(Op).
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Since T¢(Ty (u™)) — T (u™) in L*(Oy), it follows that T¢(Ty (u})) —> Ti(u™) in L?(Oy). Then from
(23), we have w = T (u™). Thus, we have the following convergences:

T°(T(u})) = Ti(u™) weakly in L*(Oy),

- (9 9 ,
5T (Te(uh)) =T (5(Tk(uj))) — ETk(uJ”) weakly in L2(Oy), 24)
d

d d .
L) = eT‘s(%(Tk(u:))) ~ Lrt) =0 weakly in L2(Op).

as u™ is independent of 7. Now consider the sequence {T*( % T (u}))} which is also bounded in L*(Op)
and hence will have a weakly convergent sub-sequence. Let

(G T)) = weaklyin L3O, 2

Now to evaluate p, consider ¢° as in (10) and g§ as in Section 2.5. Take v = ¢® and g = g§ in (16) to
get

L AT @)V g0 + [ AT @) VT 6 () )

+ / Ued* g () = f F6° gk ue).
oF (’);r

&

Now since g¥(u.) — xu.1<x) a-e. as § = 0, by Lebesgue dominated convergence theorem, as § — 0,
we obtain:

/ AEVTk+1(Ms)V¢€g§(ua)—>/ AgVTk+1(Ms)V¢€X{|u8|<k}Z/ A*VTi(u)Ve©,
& OE

&

/ u5¢6g§(u5) ad / us¢6X{\u€|<k} and / f¢gg§(us) — / f¢€X{|u8\§k}-
O, O, O, O
Therefore, we have

/ AV Ti(ue)Ve® + lim sup / APV T (ue) VT (ue) 9 (85) (ue)
O, §—0 e

+/ U X{ue|<h) :/ FO° Xue1<hy- (26)
o, O:

The last two terms in (26) will converge to 0 as ¢ — 0 from the definition of ¢°. Now, we look into
the first two terms. Using polar coordinates and unfolding operator, we can rewrite the first term in the
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above equation as
€ 2T (u, 9¢9°
/ AV T () V* = / PR o
of of | B° n° | s T(ue) | | 55
1 Te(a®) T | [TE(LTw)) | [ T2
2 Jo, | TE(BS) T(nf) Ts(%Tk(Mg)) Tsfi%g )

Now passing to the limit as ¢ — 0 using (6), (10), (24) and (25), we get

: . .1 o Y[L2n@H ][ 0
o o:A VIWONe =5 oy [ﬂo no}{ p oy’

1 00
= — —Ti(ut) +1° L0y (1),
27 Jo, (ﬁ " W(ut) +n p)d)(r W' (1)
To handle the second term in (26) let v =1 and g = §§ (as defined in Section 2.5) in (16). Here g is not
compactly supported, but still we can use it as a test function in (16) due to Theorem 6 in the Appendix.
Then

/ A Ty () V T (a2 (85 (ue) + /O

€ &

”sgé{(us) =/(; fgg(us)

X(k<lusl<k+s) and g5 (ue) > 0, we have

Since (85) = %

1
g/ ANV T (ue) VT (ue) X k<iuei<irs) < L f i)

€

Therefore, we have

lim sup
§—0

f AV T )V T (ue) 9 (85) (ue)

&

. 1
< ¢ limsup gf AV Tyt )V Tigr () X< iue1<k+8) < ENFllL1o)s
50 o,

which implies

limsup(limsup / A‘?VTkH(ug)VTkH(u8)¢8(g§)/(u8)) =0. 27)
e—0 §—0 O,

Hence passing to the limit as ¢ — 0 in (26) we get

0
/O (ﬁogn(ﬂ + n°p>¢(n 0)y'(r) = 0.
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Since ¢ € D(OT) and ¥ € C*[0, 27r] are arbitrary, we have

09
p= —%a—er(f). (28)

Then, using (24) and properties of unfolding, we have

0

Tk( )—\th( ), _Tk( 8)—\h Tk( ) and
(29)
o
—Ti(uf) ( / ) Ti(u") weakly in L2(0+).
00 Y(r) 77
Since (| Tx (o)l g1 o) < kI f] L](O))z from weak compactness, we have up-to a sub-sequence

Ti(u;) = v weakly in H'(O") (30)

as ¢ — 0. Thus, from (19), we have v = T (u ™).
Step 3: Now, we prove the strong convergences in (20), (21) and (22). Using the energy equality for
renormalized formulations of (15) and (17), we have the following energy convergence

lim AEVTk(”e)VTk(ue) + u Ty (ug)

e—0

=limf ka(us)=1im/ fT/k(\/bts)+f ST (ue) =f thk(u+)+/ fTi(u”)
e—0 O, e—=0 Jo+ o- O+ _

9 2
= / ao(—Tk(u)) + huTi(u) + / AVT,(u)VTi(u) + uT(u). 3D
O+ or oO-
On the other hand, we have

/ e T (1) = / <ﬁg—xO£u>T/k<78)+/ u(TiGee) — x0, Tu(w))
O, o+ ot

+ [ ot + [ wtice. (32)
o+ Oo-
Now passing to the limit as ¢ — 0 in (32) using (18) and (19), we get
lim uTy(ug) = / huT,(u) + / uTy(u). (33)
e=>0Jo, O+ o=

Combining (31) and (33), we have

2
lim A€VTk(u€)VTk(u8)=/ ao(iTk(u)) —I—f AVT (u)VTi(u). (34)
o+ ar O

e—0 Os
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Now consider the following integral /° and we need to prove I° — 0.

I _/ |:Ot8 J/s:| LT (ue) — X0, T () D Te(ue) — X0, 1= Ti(u)
or LB M| ST — xo, GEYETiw) ] [ ST — xo,(FE) £ Tiw)

+ [ AT = VTL@0) (Vi) = V).

On expanding, we get
: o Y| [ £ Teue) | [ £ Ti(ue) o Y [Lhw) [ 17 a
1 =/+ e e || 2 9 _/+ e el a _p* a—Tk(u)
of B 1 aé)Tk(MS) BeTk(uﬁ) or| B¢ n 39Tk(us) = r
of )/8 1 %Tk(us) d / of )/8 1 1 ( 9 )2
- ‘ Pl N g [ (=7
L el L ][] G

7]&

—I—/ (AVTk(ug)VTk(us) — AVTi(u)VTi(u) — AVT (u)VTi(u.) + AVTk(u)VTk(u)).
o-

Combine first and fifth terms to get

- - -
af _rT(ua) 1 d
1= [ (A YT + i) - /O ) [ﬁg ne} o {_ﬁg = Tyw
& & _80 E_ ’78_

o [ 1| [2T@e) ] a / o T 171 (a )2
- i o 1 A | (=1
/oi |:/38 ns:| |:—€ :| |:%Tk(ua):| or k() + or | £ 778:| 5 - | \or k(1)

né‘

+/ (=AVT(u) VT () — AVT W)V Ti(ue) + AVTi(u)VTi(1)).
Using polar unfolding operator, we arrive at

I = / AEVTk(ug)VTk(us)
O

2w o, [T TG | | TS T

_Te & T (¢ 7 1 _Ts ar . 7]
1 (@) T°(y") (7 T (ue)) Tg(iTk(u))

1 [Te(@f) Te(y®)] —Ts(z?_er(”€)):| |: 1] TS( 9
or

TS(%EE)_ _Tk(u)>

2w o, [T T | | TFEE) | [ TEE Ty | \or

n L —Ts(as) TS()/E)- B 1 1r 1 <T"3 (iT (u))>2
2w Jo, | T8 T | | T | | TR or ™"

+ / (—AVT@) V@) = AVT )V Tk (o) + AVT @) VTi(w).
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Now using (6), (24), (25), (28) and (34), we get lim,_,o I° = 0. Then, by coercivity of A, we have (20),
(21) and (22). O

Remark 2. In the above problem, we did not put oscillation on the coefficient in the fixed part O~
to avoid extra calculations. In the fixed domain with oscillating coefficient and L' source term, the
homogenization results are straightforward from the existing literature on homogenization with L' data,
for example, see [22].

Remark 3. Here we considered the circular oscillating domain only in 2-dimension due to the complex-
ity in modeling circular oscillations in higher dimensions. We are working on it and hope that we will
do it in the future.

4. Homogenization in €2,

The aim of this section is to study the homogenization of a general oscillating elliptic operator with
L' data in the very general oscillating domain 2, (see Fig. 1). For this purpose, first, we need the
homogenization results with L? data which are available in the literature (refer [2] and [39]). But to
move on to L' data, we need the strong convergence results which are not there in the literature. So, first
we will see some strong convergence result in general forest type oscillating domain with source term
f in L. Since the aim of the article is to do homogenization with L' data on domains with boundary
having general oscillations, we are doing analysis only in 2 dimension to make the presentation simpler.
It can be extended to n— dimensional domain with n — 1 directional oscillation with minor modification
which we done already with L? data in [39].

4.1. Homogenization in QFf with L? data
Let A(xy, x2) = [a; j(x1, x2)]ox2 be a 2 x 2 matrix, where the entries a;; : 2 — R are Caratheodory
type functions, 1-periodic in x; direction. Also A(xy, x,) is uniformly elliptic and bounded in €2, that is,
there exists &, 8 > 0 such that
(A2, A) = afal? and |A()A| < BIA|

for all A € R? and a.e. in Q. Define

AL x) if (x1, x2) € QF,

A% (x1, x2) =
o) {A(xl,m) if (1, 12) € 2.

Note. Here for simplicity we only consider 2 variable case. The same steps will work for n variable.
Consider the following problem in the domain €2,:

—div(A*Vu,) +u, = f in Qq,
A¢Vu, -vf =0 on 082,.
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Here f € L%*(R) is a given function, v¢ is the outward unit normal vector. Corresponding variational
formulation is

Find u € H'(,) such that

(35)
/ A*Vu, Vv +u.v = fv, forallv e H' ().
Qe Q

We want to study the asymptotic behavior of u, as ¢ — 0. Let us look at the limit problem.
Limit problem: Consider the Hilbert space

Iy

W(Q) = {w e L*(Q): o,

€ LX), ¥lo- € H‘(sz—)}
with inner product

99 v

3)62’ 8x2

(D, VIwe) = (&, V)12 +< > + (P, V) iy
L2(@+)

We define the limit problem as follows: Given f € L*(Q), find u € W(2) such that

/aoa—u%—khuw—l-f AVuVlﬂ—i—mﬁ:/ hflﬂ—i—/ fy forally € W(R), (36)
o+ - o+ Q-

3)62 8)62

where

ao(x1, x2) = ap(xy) = / w

dy.
Y d11(y, x2)

Theorem 3. Let u,, u be the unique solutions of (35) and (36) respectively. Then, we have the following
convergences

iy — xo,u —> 0 strongly in L*(Q2),

ut, 9
te _ XQS—M —> 0 strongly in L*(Q%),
8)62 8)62
ou at,\ du 37)
3 Y12 . 2(O+
— — — 0 st 1 L(Q7),
o, stg< s )8x2 strongly in ( )

u, —u — 0 strongly in HI(Q_).
Proof of Theorem 3 is similar to that of Theorem 1. So we are giving only an outline of the proof.

Proof. Since [u|ly1q,) < | fll12(q), using the properties of unfolding operator defined in Section 2.3
we have {T®(u,)} is bounded in L?((0, 1); H'(G)) and hence from weak compactness, there exist
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ut, p € L*(Qy) such that

ou, ou™ ou,
Téu, — u™, e U —\L, e OU — p and
0x7 x> 0x1
(38)
ou, ou™ .
eT® — —— =0 weakly in L*(Qy).
8x1 8)62
For ¢ € D(Q") and € C*([0, 1]), define ¢p* = ep ()Y ({7+}). Then
e 18 & 0 & 1€ e 8d)
T°(¢%) = eT (DY (y), —T%(¢°) =eT°| — |¥(») and
8x2 8x2 (39)

¢ 0
Ts( ¢ ) _ m(a‘p) + TGV ).

8)61 X1

Using ¢° as a test function in (35), apply unfolding operator and passing to the limit using (38) and (39)
to get

ap(y, x2) du*t
—————(x1, x2).
ayi(y, x2) 0xp

p(x1, x2,y) =
Again since |ugllg1q,) < | fllL2q), there exists au™ € H'(7) such that
u, — u- weaklyin Q.

Define u = yq+ut + xqo-u~. From ([2], Theorem 4.1), we have u € W(2). Now use {y € C®(L2) as
test function in (35). Apply unfolding operator and passing to the limit using (38), we obtain

_an(y.xp) du Kl
/ ay(y, x2) ap(y, x2) DR 3)://1 oyt / AVUTY +
Qu | a21(y, x2) an(y, x2) 1 T -
= Y+ fy.
QU Q-

On simplifying, deduce that

/aoa—u%+huw+/ AVuVlﬁ—i-m/f:/ hfy + fv,
o+ - o+ Q-

8)62 8)62

where aO(xl’ X2) = a()(XQ) = f w dy

Y a11(y, x2)

By density of C*°(£2) in W (£2) we get that u satisfies the limit problem (36). Using u. as a test function
in (35) and passing to the limit as ¢ — 0, we get the following energy convergence:

9 2
lim<f A*Vu,Vu, +u§) =/ a0<—”) + hu? +/ AVuVu + u?, (40)
e—=0 Q. Q+ BXZ -
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Now to prove the strong convergence, consider the following integral

e e [ T, d _;@ e 0 _%
I° = A* | Vuy, — xo,—u 11 Vu, — xq.—1u 1
oF 00X, 1 0x) 1

+ / (T, — xa.u)* + f A(Vue — Vu)(Vue — Vu) + | (ue — u)?.
Qt Q- Q-

As we have done in Theorem 1, expand the expression, apply unfolding operator and passing to the limit
using (38) and (40), we get lim,_,o I° = 0. Hence the coercevity of A implies the result. []

We now consider the homogenization in Q, with f € L'(Q).
4.2. Homogenization in Qf with L' data
With A and A? as in Section 4.1, consider the following problem in the domain €2,:

—div(A*Vu,) +u, = f in €, 41
A®Vu, -v¥ =0 on 082,.

Here f e L'(RQ) is a given function, v is the outward normal vector on 3$2,. A function u, is a
renormalized solution of (41) if

u, € L'(,) such that 7y (u,) € H'(Q.), forallk > 0,

1
A 1Tk @) 131 q,, — 0, ask — oo,

(42)
/ AV T (ue)V(vg(ue)) + ugvg(ue) = [ foglue),
& QS

forallk > 0,v € H'(Q:) N L™(R,), g € PC(R) with supp(g) C [k, k].

We wish to study the asymptotic behavior of u, as ¢ — 0. As we have done in the circular case, the limit
problem is nothing but the renormalized formulation of (36). Again, we only sketch the proof here.

Limit problem: Given f € L!'(Q), consider the following problem:

Find u € L' () such that Ty, (u) € W(Q), forallk > 0,

% ”Tk(u)”%V(Q) — 0 ask — oo,

oT; 0
a0 8"(”) VW) | gy + / AVT )V (Y g (W) + uyrg(u)
Q+ X2 8)62 Q-

:/ hflﬁg(u)+/ fvegu),
Qt Q-

forallk > 0,9 € W(Q)NL®(RQ), g € PCj(R) with supp(g) C [—k, k].

(43)
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The proof for existence and uniqueness of renormalized solutions of (42) and (43) are analogous to the
proof for (17) which is done in the Appendix.

Theorem 4. Let u,, u be the unique renormalized solutions of (42) and (43) respectively. Then, we have
the following convergences

Uy — xo,u —> 0 strongly in LY(Q), (44)
ToGn) — xa, Ti(w) —> O strongly in L' (2) and weakly* in L®(<2), (45)
8/—\_/ 8 . 5 N
—Ti(ue) — xo.— Tx(u) — 0 strongly in L (Q ), (46)
0X> " 0Xxp
o ap '\ 9 Y
—Ti(ue) — xo.| ——= | =—Tr(w) — 0 strongly in L (Q ), (G
0x "\ aj, /) ox:
Ti(us) — Te(u) — O strongly in H' (7). (48)

Proof. The convergences (44) and (45) can be proved using the same steps as those in step 1 of The-
orem 2. That is using Lipschitz property of renormalized solutions and homogenization results with

L? data. Now using the energy equality of (42), we get ||Tk(u5)||ill &.) < k| fll1q:- Hence from the

properties of unfolding operator, there exists a w € L?((0, 1); H'(G)) and p € L*(Qy) such that
T*(Ti(u])) = w weakly in L*((0, 1); H'(G)) and
49)

9
Tg(ﬁTk(u£)> —~ p weakly in L*(Qy).
1

Now from (45), using the properties of unfolding, we have

—~—

T (Ti(uf) — xo. Te(uh)) = T°(Ti(u))) — T*(Te(u?)) — 0 in L*(Q0).
Since T¢(T; (u*)) — (Ti(u™)) in L?(Qy), we get w = Ty (u™). In (42), let v = ¢° as defined in (39)

and g = g¥ and follow the same steps as we have done in the proof of Theorem 2 to obtain

/ AV Ty () Vo g e) + / A Ty (0)V T () (85) (1)
Qe

Qe

+ / gt = [ forgtue).
Qe Qe

Since g(’s‘ (s) = X{uei<ky a-e. as 6 — 0, by Lebesgue dominated convergence theorem, as § — 0, we
deduce that

/AgVTk+1(Me)V¢8+1imSUPf ASVTkJrl(“s)VTk+1(Me)¢8g§/(ue)
- §—0 o

+/ U X{juel<h) =/ F° Xtue1<h)-
Qe Qe
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Apply unfolding operator on the first term and passing to the limit as ¢ — 0 to get

[ o aiviobicd | AN e e (50)
au La21(y, x2)  axn(y, x2) ;,aTsz(M) 0
+ lim Sup<limsup / ASVTk+1(ug)VTk+1(us)(bagé‘/(us)) =0.
e—0 §—0 Qe

By using the same steps as we done to obtain (27), we can get

limsup(limsup/ AQVTkH(ug)VTkH(us)d)s(gl';)/(ug)) =0.
Qe

e—0 §—0

Hence from (50), we have

/[au(y,xz) alz(y,xz)i||: p ]|:¢(x)w’(y)]
au La21(y, x2)  axn(y, x2) aaTsz(M) 0

0
= / (01117 + 6112—Tk(u)>¢(x1, x)¥'(y) = 0.
Qu

8)62

Since the above equality is true for all ¢ € D(Q2") and ¥ € C*[0, 1], we have

an 0
p=———Tiw).
al 3)62

Since {T;(u, )} is bounded in H 1(Q7), from weak compactness, we have up-to a sub-sequence
Tx(u;) = v weakly in H'(Q"). (51)
Then from (44), we have v = Ty (u ™).

We now prove the corresponding strong convergences (corrector results). Using the energy equality
for renormalized formulations of (42) and (43), we have the following energy convergence

0T (u)
8x2

2
/ ASVTk(ug)VTk(Ms) +u Ty (ug) —> a0< > + huTy (u)
Q. o+
+ / AVT,(u)VT,(u) + uTi(u).

As we have done in Step 3 of proof of Theorem 2, using the above convergence we can deduce that

9Ty ()
aX2

2
lim AV T (u)VTi(u,) =f ao( ) —i—f AVT,(u)VTi(u). (52)
& Q+ -

e—=0 Jo
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To get the strong convergence results consider the following integral

Ie:f A VTi(ue) — xo.—Ti(w) | “n VTi(ue) — xo. —Ti(w) |
o+ dx2 1 dx2 1

+ [ AT = VT w) (VT - VTiw)

Now expand /¢ and apply unfolding operator. Then passing to the limit as ¢ — 0 using (49), (51) and
(52) to get lim,_,o I° = 0. From coercivity property of A, we get the corrector result (46), (47) and (48).
This completes the proof of the theorem. [

Remark 4. Here, we considered 2, € R?, to make the presentation simpler. All the results still hold
and the proofs are similar if 2, C R", for any finite #.
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Appendix. Renormalized solutions

In the Appendix, we prove the existence, uniqueness and Lipschitz property of renormalized solutions.
We will prove it only for the circular limit system (17). The result will follow along the same steps for
the other limit system (43).

Theorem 5. The limit problem in circular domain (17) has a unique renormalized solution.

Proof. The proof is divided into several steps.
Step 1: Let f, € L*(0), such that f, — f strongly in L'(O) as n — oo. Then, for every n € N, let
u, be the solution of (7) with f = f,.

Claim. The sequence {u,} is Cauchy in L' (O) and hence convergent in L'(O).

From (7), for ¥ € V(O), (u, — u,,) satisfies

a(”n - um) 3W
/ ag—— "+ h(uy — U)W +/ AV (uy —up)Vy + (uy — u)yr
o+ or or o-

= [ nt= v [ =g
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Now from the definition of S5 = % we have Ss(u,, — u,,) € V(O). Choosing ¢ = Ss(u, — u,,) as a test
function in the above variational form, we get

1 ) 2
/ —ao| —Ts5(uy —up) | +h(u, — ) Ss(Uy — ),
o+ 0 or

1
+ / EAVTB(un —uUm)VTs(Uy — t) + Uy — ) Ss Uy — Up),

=f Mn—mmmm—w»+f<n—mmmm—wy
ot O-

Now S5 — S as § — 0 point-wise, applying Lebesgue dominated convergence theorem, and ellipticity
of ap and A, we get

/ h(uy — ) S, — ) +f (W — wp)SWy —uy) < || fu — fm”L‘(O)
o+ O-

which implies [|u, — w10y < Il fu — fullL1o)- Hence {u,} is Cauchy and hence convergent to some
uin L'(O).
Step 2: Now, we will show that for each k, an n — oo
Te(u,) — Ti(u) strongly in L'(O) and weakly* in L>(0), (53)
Ti(uy) — Tp(u) weakly in V(O). (54)
The convergence (53) follows from the strong convergence of u,, — u in L' and the fact that T} is a

bounded Lipschitz continuous function. Let us now prove (54). Choosing 7 (u,) as a test function in
(7), we get

AT (un) \ >
/ a()( ) + hu, T (u,) + / AVT(u)VTi(u,) + u,Ti(u,)
o+ ar o-

:/ hfnTk(Mn)+/ JnTie(uyn). (35
o+ O~

The definition of Ty implies that ¢ T (t) > |T;(t)|>. Thus, from the ellipticity of ay and A, it follows that
9Ty (un)

2
/ 8 +/|nwaf+/ angf+/|nwuf
ot r ot (O O~

<kl fallioy < ksup L full2ro)- (56)

Hence, for each k, {T;(u,)} is a bounded sequence in the Hilbert space V (O) and hence have a sub-
sequence converges weakly. But we already have Ty (u,) — Ty (u) in L?(O) which gives us (54).
Step 3: We claim that %HT;{ (u) ||%,(O) — 0 as k — oo. From (55), we have

1 2 T(un)
EHTk(u")”V(O) g/(‘ofn kk .
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Thus, we have

1 T;
limnsup<z||Tk(un)“%/(O)> S /Of kliu)'

Using the fact that T‘T(t) — 0 for every ¢, applying Lebesgue dominated convergence theorem to the right
hand side and pass to limit as k — oo, we see that

1imsup(%||Tk(un)||"’v(O)) — 0 ask — oo. (57)

Then, from weak lower semi-continuity of norm in Hilbert Space, we have the desired result.
Step 4: In this step, we will show that the limit satisfies the following energy equality.

2
/ ao(;—er(u)) +huTk(u)+/ AVT )V Ti(u) + uTi ()
o+ -
= [ wrna+ [ . (58)
o+ O~

Throughout this step k > 0 is fixed. Let g, be defined as in Section 2.5. Consider Ty (u)g,(u,) as a test
function in (7) with f = f, and u = u, to get

< aun)zT ) duy, 0 ) T,
/m ao (; k(u)gp(un)+ﬁg k()gpun) | + huy T (u)gp(un)
[ ATV T w05 0 Vit VT 05 0) 0, T )
= [ sy )+ [ rnwew). (59)

We now fix p > k, then as n — oo, we have from (53) and (54) that

ou, 0
/O a5 T ) + ity Ty ) ()
8Ty () 9

= /m aOTETk(u)gp(un)+huTk(u)gp(un)

0T, (1)
aop —T(u)g,(u) + huT(u)g,(u),
O+ ar or

H
[ AV T80 0 Ty 0) — [ AVEs 0V Tew0g, 00 + T g, 0,

/ B Te(w)gp () + / FTe)gp(un) —> / W T g () + f FT(u)g, ().
o+ O- ot (o
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Since lim,,_, o g,(x) — 1, we have

9T, (u) 9 9 2
/ a—y —Tk(u)gp(u)-i-huTk(u)gp(u)—>/ ao(—Tk(u)> + huTy(u),
o+ r adr o+ ar

/o— AVD, (VT (u)gpw) + unTi(u)gp(u) — /o— AVT )V Ti(u) + uTi(u),

/ thk(u)gp(u)+/ S T(u)gp(u) —>f thk(u)+/ S Ti(u).
o+ o- o+ o-

Now coming to the remaining terms in (59), we get

dun\’
limsup/ ao(ai> Tk(u)g;,(un)+/ AV, Vi, Ty (W) gl (1)
n O+ r O—

1 AT () \
< 2k lim sup — / ao (L2 ) +/ AV T (un) VT, (1)
n 2[) O+ or -

1
< 2k limsup(QHszH%/(o)) — 0 asp — oo. (Using (57))

So by letting n and then p to infinity in (59), we get the energy estimate (58).
Step 5: Here, we will prove the following strong convergence:

Ti(u,) — Ti(u) strongly in V(O). (60)

Using the energy equality (58), we have as n — oo,

. AT (un) \
lim | a0 — + hu Te(uy) + | AVT(un) VT () + 10, Ty (1)
o+ r -

n—oo

—tim [ hfT) 4 / FTu(un)
.

n—o00 O+

_ / hf Tiu) + / FTw)
O+ O-

2
= / ao(iTk(u)) + huTy(u) + / AVT,(u)VTi(u) + uTy(u). (61)
O+ or O-

But from (53) and (54), we have

/ hunTk(un)+/ unTk(un)—>/ huTk(u)-i-/ uly(u) and
O+ o- O+ O-

(62)
f hTy(u,)* + / Ti(un)* — / hT,(u)* + f Ti(u)*.
o+ o- o+ 0-
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Then, from (61) and (62), we have || T (u,)|lvoy — | T () ||v (o). Together with the weak convergence
(54), we have the corrector result (60).

Step 6: Now, we will show that u is the renormalized solution as in (17).

Fix Y €e VIO)NL*®(O) and g € (PC);(R) such that supp(g) C [—k, k]. Take ¥ g(u,) € V(O) asa
test function in (7), with f = f, and u = u,,, we have

/ aoaTk(un)a(wg(un)) o,
O+ ar or

(W) + [ AVIL @)Y (gl0) + g

= [ v+ [ fvs. (©3)
o+ o~
Now using (53), (54) and (60) passing to the limit n — oo in (63) to get

/ 0Ty (u) 3(rg(u))
aop
O+ or or

() + [ AV (vea) +udigo

= [ wrvsw+ [ rvew.
o+ O~
Hence u satisfies (17). So, we have proved the existence of renormalized solution for (17). Now to get

the uniqueness, we prove an important property of renormalized solutions, that is Lipschitz property.
Step 7: Let u; and u, be solutions of (17) with source terms f; and f> in L'(O) respectively. Then

lur —uzllLio) < I1fi — f2llovo)- (64)

Foré > Oand p > 0, let S5 and g, be defined as in Section 2.5. Now define the functions

w = Ss(Top (1) — Top(u2))gp(uz) and - z = Ss(Top(uy) — Top(2)) g (u1).

Taking ¥ = w and g = g, as test functions in (17) for u;, v = z and ¢ = g, for u, and taking the
difference, we get

0 0
/ ao<a—(T2p(M1) — Top(u2)) — S5 (Top (ur) — sz(uz))gp(uz)gp(ul)>
O+ r al’
d 0
+/ ao(a—(sz(Ml) — Top(u2)) ——Top (u1) S5 (Top (u1) — T2p(u2))gp(u2)g/p(ul))
o+ r or
d 0
+/ ao<a—(T2p(M1) — Top(2)) == Top (u2) S5 (T2p (uy) — sz(uz))g;,(uz)gp(ul)>
o+ r ar
h((uy — u2)Ss(Top (1) — Top(2)) 8 p(u2) gy (u1))

I,
+/@ AV(Top(ur) — Top(u2)) VS5 (Top (ur) — Top(u2)) g p (u2) g p(u1)
I,

AV (Top (1) = Top(u2))V Tap (1) S5 (Tap (1) — Top(u2)) 8 (142) g, (u1)
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+ /O AV (Top (1) = Top(u2))V Tap (u2) S5 (Tap (1) — Tap(u2)) ), (42) 8 (u1)
+ /O(ul — u2) Ss(Top (1) — Top(U2)) 8 (u2) g (1)
= /O+h((f1 — 2)S5(Top(ur) — Top(U2)) gy (U2) g (1))
] i- 12)85(Top (1) — Top(u2)) g (102) g p (1)

Since S5 = %, we see that the first and fifth integrals are positive. Also by using the same arguments
as in step 4, as p — oo, we get second, third, sixth and seventh integrals vanish. Now to see the other
integrals, as p — oo using Lebesgue dominated convergence theorem, we obtain:

o term = lim [ (i = 55(Tap ) = Ty, (i) )
= / h(fi — f2)Ss(ur — u2),
O+

4™ term = lim h(uy — uy)Ss(Top(ur) — Top(u2))gp(2) gy (ur)

pP—=00 Jo+

= / ]’l(l/tl — Mz)Sa(ul - uZ)’
O+
1mmm=£$ﬁgﬁ—m&mwm—nwmkwm&W)
=/ (f] — fz)S,s(Lll — MZ)’
.

8" term = pll)rrolo . (1 = u)Ss(Top (1) — Top(2)) g p(u2) g (1)

= / (I,tl = I/lz)S(S(ul - u2)‘
o-

Again by Lebesgue dominated convergence theorem as § — 0, we have the following:

lim Mf—@&wl—wﬁ=ﬁHMf—@ﬂm—u&

§—0 O+

lim h(uy — u2)Ss(uy — uy) = f h(uy — u2)S(uy — us),
=0 Jo+ O+

lmf(ﬁ—ﬁmwrm»=/<ﬁ—MMm—mx
§—0 O- o-

limf (uy —uz)Ss(uy —uz) = / (1 —u) Sy — uy).
§—0 O- o~
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Hence, we get,
/ h(u; —Mz)S(Ml—Mz)-I-/ (y —u)Suy — uy)
o+ o-

</ h(fi = f2)S(u —M2)+/ (f1 = f2)S(u1 — uz)
O+ O-

which implies |lu; — uzllL10) < | f1 — f2llL1(0)- The uniqueness of renormalized solution follows from
64). O

We have the following equivalent formulation of the weak solution which is used in the proof in the
main article.

Theorem 6. The renormalized formulation (15) is equivalent to the following formulation:

us € L'(O,) such that Ty (u,) € H'(O,), forallk > 0,

1
% ||Tk(M)||§11(@£) -0 ask — oo,
) (65)

/ ASVTk(ug)Vw+u8w:/ fw,
O O

forallk > 0,w € H'(O,) N L®(O,) such that Vw =0 when |u,| > k.
That is, u. is a solution of (15) if and only if it is a solution of (65).

Proof. Let u, be a solution of (65). Clearly for v and g as in (15), vg(u,.) will satisfy the conditions for
w in (65). Hence u, is a solution of (15).

Conversely, suppose that u, is a solution of (15). Choose v = w and g = g, (defined in Section 2.5)
in (65), where w is as in (65). Then,

f AgVsz(Ms)ngp(Me) + AsVTZP(MS)VTZp(us)wg;(us) + Mswgp(ue) = / fwgp(us)-
O: Oe

Since Vw = 0 when [u;| > k, we have VT,,(u;) = VT;(u.). Then using the Lebesgue dominated
convergence theorem, we have

p—>00

hmf fwgp(us)_f fw.

Now from the third equality in (15), we have

lim ASVTgp(ug)ng,,(us) +u,wgy(u,) = f AVT,(us)Vw +u,w, and

&

1 2
‘/ ASVsz(Ms)Vsz(Ms)wg;,(ue) < ”w”LC’C((’)g);/ |VT2p(ue)| — 0 as p — o0.
O O

Since this is true for all £ > 0, we see that u, satisfies (65). [
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